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Abstract. With the Planck 2015 Cosmic Microwave Background (CMB) temperature and
polarization data, we search for possible features in the primordial power spectrum (PPS).
We revisit the Wiggly Whipped Inflation (WWI) framework and demonstrate how generation
of some particular primordial features can improve the fit to Planck data. WWI potential
allows the scalar field to transit from a steeper potential to a nearly flat potential through
a discontinuity either in potential or in its derivatives. WWI offers the inflaton potential
parametrizations that generate a wide variety of features in the primordial power spectra
incorporating most of the localized and non-local inflationary features that are obtained
upon reconstruction from temperature and polarization angular power spectrum. At the
same time, in a single framework it allows us to have a background parameter estimation
with a nearly free-form primordial spectrum. Using Planck 2015 data, we constrain the
primordial features in the context of Wiggly Whipped Inflation and present the features that
are supported both by temperature and polarization. WWI model provides more than 13
improvement in χ2 fit to the data with respect to the best fit power law model considering
combined temperature and polarization data from Planck and B-mode polarization data from
BICEP and Planck dust map. We use 2-4 extra parameters in the WWI model compared
to the featureless strict slow roll inflaton potential. We find that the differences between the
temperature and polarization data in constraining background cosmological parameters such
as baryon density, cold dark matter density are reduced to a good extent if we use primordial
power spectra from WWI. We also discuss the extent of bispectra obtained from the best
potentials in arbitrary triangular configurations using the BI-spectra and Non-Gaussianity
Operator (BINGO).
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1 Introduction
While viable inflationary models of the early Universe have succeeded in the quantitative
description of the main, smooth part of the primordial power spectrum (PPS) of scalar
(adiabatic density) perturbations PS(k), and have even predicted its observed slope nS(k)
for some simplest variants of them, the complete shape of the primordial power spectra has
not been established beyond doubt. It is natural to expect small corrections to this smooth
behavior which reflect new and subtle physical effects occurring during inflation. Indeed,
some relatively small features (. 10%) have already been noticed in the low-` (` . 40)
multipole region of CMB fluctuations since WMAP, which may result from tiny localized
features in the PPS.
With the release of the new Planck temperature and polarization data [1–3], we are now
in a unique position to examine the existence of primordial features in the scalar perturbations
to a great precision over a wide range of cosmological scales. We had indication of primordial
features in all releases of WMAP temperature data [4–7] and Planck 2013-2015 temperature
data [8, 9] and we have knowledge about the location and the types of the features from recon-
structions of the primordial power spectrum. Inflaton potentials, addressing the primordial
features were proposed along the lines, that provided notable, if not significant, improvement
in fit compared to the standard power law primordial spectrum from slow roll inflation. A
large scale scalar suppression, a dip near 2×10−3Mpc−1, oscillations around 0.02 Mpc−1 and
around 0.06 Mpc−1 wavenumbers, are few notable features from Planck 2013 temperature
anisotropy data [10]. Interestingly, the necessity of the large scale suppression of scalar power
became significant when BICEP2 B-mode signal were considered primordial [11, 12]. The
effect of tensor perturbation at the large scale temperature anisotropies aggravated (at more
than 3σ level [13]) the already existing issue of lack of low-multipole power of temperature
anisotropies (1σ support of power suppression from Planck 2013 TT data) [14]. We proposed
Whipped Inflation (WI) [15] and Wiggly Whipped Inflation (WWI) [16] that could address
all the above mentioned issues with the primordial power spectra and provided significant
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improvement in fit compared to canonical slow roll models of inflation. Today, with the BI-
CEP2 signal being consistent to dust polarization, one can anticipate a dramatic decrease in
significance of the large scale suppression. Also the large magnitude of quadratic potential,
used in WI and WWI makes it unsuitable for recent BICEP2/KECK-Planck joint constraints
on the primordial B-modes (tensor-to-scalar ratio r < 0.07 at 95% confidence level [17, 18]).
However, note that the significance of the Wiggles in the WWI are not altered by change in
the BICEP2 results since they were designed to address features in Planck temperature data.
Since we now have tighter constraints in background and primordial cosmology from
the new temperature and polarization data, it is important to revisit the status of features
in the light of new data. It is also appropriate to modify the WWI potential that can satisfy
present bounds on B-mode and dust polarization. If temperature and polarization votes
for similar features it definitely shall increase its likelihood, hence equipped with Planck
polarization data covering the largest cosmological scales it is definitely worth having a joint
constraints on features. Change in constraints on the background cosmological parameters
in the presence of features is another aspect that should be investigated. In this paper, we
explore the above mentioned. It is clearly not possible to examine every primordial feature
within a single framework of potential. However, we show that our WWI potential is capable
of producing a large variety of features that are discussed in the literature, which makes it
extremely efficient to hunt different types of features required by different datasets in the
same framework.
The paper is organized as follows: In section 2 we review the WWI potential in its
old and modified form. We demonstrate to what extent WWI potential can offer a variety
of features in the PPS. In section 3 we discuss the methodology, i.e. a brief outline of
our numerical analysis. We provide our best fit results and constraints on the model in
section 4. We also present the bispectra from the best fits to the data in arbitrary triangular
configurations of wavenumbers. We conclude in section 5.
2 Wiggly Whipped Inflationary Scenario
The basic construction of the Wiggly Whipped Inflation potential followed the form :
V (φ) = VS + γVR, (2.1)
where, VR represents the part of the potential that introduces a moderate fast roll and VS is
chosen to be nearly flat, allowing a strict slow roll. Here, γ determines how fast the inflaton
starts rolling initially and in a way it determines the extent of deviation from slow-roll and
thereby deviations from featureless PPS. Similar types of phase transition potential have
been discussed widely in the literature [19–25]. VR contains a Theta step function ensuring
the termination of moderate fast roll after certain field value. Thereafter the scalar field
emerges to the strict slow roll regime. In this framework, the potential and/or its derivatives
can contain discontinuities.
The WWI model was introduced in [16] in order to address two major issues. Firstly
with the BICEP2 B-mode signal, assuming to be primordial, we ruled out the power law form
of scalar power spectrum with more than 3σ confidence [13]. We needed a strong suppression
of scalar power at large scales and at the same time large tensors with low non-Gaussianities.
Whipped inflation [15] that simply uses a smooth transition from a moderate fast roll poten-
tial (VR) to a strict slow roll inflation (VS , assumed to be a quadratic potential) meets all the
– 2 –
above criteria. On top of that in order to address the primordial features indicated by Planck
temperature anisotropies, we introduced a discontinuity in the potential (or in its derivatives,
keeping a continuous potential) at the transition which provided significant improvement in
likelihood to the Planck and assumed primordial B-mode from BICEP2 compared to the
power law PPS. The scalar PPS, containing a Whipped shaped tail at large scales and Wig-
gles (oscillatory behavior), the Inflaton potential was referred as Wiggly Whipped Inflation
potential. The BICEP-2 B-mode signal being consistent to dust polarization, do not favor a
large field quadratic model since it produce large primordial B-modes. At the same time the
significance of the requirement of a large scale scalar suppression reduces. However, since
we now have polarization data from Planck, it is important to test the WWI model features
with the new datasets. In this paper we use the WWI potential with a modification to the
slow roll part of the potential.
2.1 The potentials
We use the WWI model in a modified form. Since BICEP2 B-mode signal is consistent
with dust polarization power spectra from Planck, a model with high tensor-to-scalar ratio
(r ∼ 0.2) is not supported by the data anymore. Hence we use a lower potential in the
slow roll part. We use two different classes of WWI potential here, in the first case we have
discontinuity in the potential while in the second case the potential is continuous with a
discontinuity in its slope. Both of them belong to the WWI form, but to distinguish them
conveniently, we refer the first potential as WWI and the second as WWI′. Note that since
the tensor perturbations depends on the scale of the potential, in order to get a lower tensors
we need to scale down the potential. Here, our basic structure of the potential remains same
and provided below in Eq. 2.2
V (φ) = Vi
(
1−
(
φ
µ
)p)
+ Θ(φT − φ)γVi ((φT − φ)q + φq01) (2.2)
The slow roll potential Vi
(
1−
(
φ
µ
)p)
depends on 2 parameters, namely the potential at
φ = 0 (Vi) and µ. The spectral index (ns) and the tensor-to-scalar ratio (r) of the PPS
generated at the end of inflation depends on µ and the power p. We chose the value p = 4
and µ = 15 MPL such that ns ∼ 0.96 and r ∼ O(10−2) (as in [28, 29]). The fast roll part
of the potential remains identical to the original WWI potential. φT denotes the field value
where the transition from the moderate fast-roll to complete slow-roll occurs. φ01 is the
extent of discontinuity and γ is the slope that provides the deviation of slow-roll at the onset
of inflation. φ01 = 0 reduces the potential to Whipped Inflation form where the potential
and its derivatives are continuous upto (q − 1)’th derivatives. The Heaviside Theta function
Θ(φT−φ) appearing in the potential can be modeled by a Tanh step (1 + tanh[(φ− φT)/∆])
or Error function step (1 + erf[(φ− φT)/∆]) and the width of the step (∆) can be used
as a free parameter. The scalar field starts from the bottom of a quadratic potential (for
q = 2) and transits to the strict slow roll potential at φ = φT. The initial deviation from
slow-roll introduces a whip shaped suppression of power at large and intermediate scales in
the PPS. φ01 > 0 creates a temporary sharp departure from slow-roll and generates wiggly
features locally or extending a large range in cosmological scales depending on the sharpness
of transition, ∆. Hereafter, throughout the paper, with WWI, we shall refer to the potential
in Eq. 2.2.
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Using similar formalism, we investigate another potential that is continuous, but has
discontinuities in its derivatives. The potential can be expressed as,
V (φ) = Θ(φT − φ)Vi (1− exp [−ακφ]) + Θ(φ− φT)Vii (1− exp [−ακ(φ− φ01)]) (2.3)
Here Vi (1− exp [−ακφ]) is the slow roll part of the potential which is present at φ ≤ φT
and for higher field values, Vii (1− exp [−ακ(φ− φ01)]) represents the moderate fast roll
part. Note that we have used the α-attractor potential [26] to construct a model providing
deviations from slow roll. Vii is related to Vi by our demand of continuity in the potential.
κ2 = 8piG (which we equate to 1 in our convention). α denotes the slope of the potential
and we have fixed it to be
√
2/3 that corresponds to the R + R2 inflationary model [27] in
the Einstein frame. It produces r ∼ 4 × 10−3 for the slow roll part of the spectra. Hence
φT and φ01 are the only two extra parameters in our potential compared to the strict slow
roll part of the potential. Note that this potential can also have a discontinuity if Vii is
treated as a free parameter, but since we have already incorporated potential discontinuities
in Eq. 2.2, in Eq. 2.3 we fix Vii through the continuity. We denote this potential with WWI
′
to indicate that the potential has a discontinuity only in its derivatives. The primordial
feature generated from WWI′ is very similar to the original Starobinsky-1992 model [19] but
here, the scalar PPS has the asymptotic value of nS ∼ 0.96.
2.2 Classes of features in WWI
CMB angular power spectrum data since WMAP have indicated hints towards possible de-
viations from the standard power law PPS. Reconstructions of the PPS directly from the
angular power spectrum data [10, 30] have been very useful in order to highlight different
locations and types of these deviations (features) in the PPS. Using Planck 2013 data, it
has been demonstrated [10] that the temperature anisotropy power spectrum indicates a
suppression at large scale power, few localized oscillations around ` ∼ 22, ` ∼ 250 − 300
and ` ∼ 750 − 850. Non-standard inflationary models have been proposed in order to gen-
erate different kinds of features in the PPS. Below we enlist a non-exhaustive discussion of
primordial features.
1. Large scale power suppression : The primordial power spectrum with a large scale
suppression can be modeled by a broken power law with different spectral index at differ-
ent scales, or a Tanh step (both these types have been discussed in [14]) or an exponential
cutoff [31]. These types of features are generated when the scalar field changes its kinetic
energy in the first few e-folds. Starting from Starobinsky-1992 model [19], different mod-
els [15, 24, 32] have been proposed that offers such scenarios. A brief halt in inflation caused
by an inflection point [33] in the potential can produce a sharp cut-off at the large scale
primordial power. Open inflation [20, 21], radiation dominated epoch prior to inflation [34]
also known to provide such class of spectra. In Fig. 1 we plot such type of spectra (in the
top left) that are obtained from WWI (Eq. 2.2). Note that in these cases, large value of the
parameter γ allows an initial faster roll and hence provide a cutoff at the large-intermediate
scales.
2. Localized oscillation : Near multipoles ` ∼ 22 and ` ∼ 40 a dip and a bump w.r.t. the
angular power spectra from power law were noticed since WMAP data. This feature patterns
in a localized scale and requires wiggles in the PPS only at certain wavenumbers, keeping the
other part of the PPS nearly scale invariant. Presence of a step in the inflaton potential [29,
35] provides a momentary departure from the slow roll and generate localized oscillations in
the PPS. It has been shown that around k ∼ 0.002 Mpc−1 and k ∼ 0.004 Mpc−1, a period of
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Figure 1. [Top left] : PPS with suppression at large scale scalar power. We show that WWI (Eq. 2.2)
can generate a exponential cutoff (blue) type PPS and also a PPS with a form of a step (red). [Top right]
Here WWI produces localized oscillations. Note that a dip or a period of oscillation around 0.002 Mpc−1
improves the fit to the data near multipole ` = 22. [Bottom left] Wide features and non-local oscillations. The
angular power spectra are affected for a wide range of multipoles. [Bottom right] We provide a combination
of different features. The large range of features that are addressed by WWI models, makes WWI a suitable
candidate to search for generic features in the primordial power spectrum. A typical step like suppression,
accompanied by wiggles in the PPS is generated by the WWI′ (Eq. 2.3) and is plotted here as well.
oscillation can improve the match to the data compared to the power law model. However,
because of uncertainties owing to the cosmic variance, the existence of such large scale feature
have never been (possibly never will be) established beyond doubt. Top right of Fig. 1 shows
similar features from WWI. Here, γ is small such that the fast roll part is not significant and
we get nearly same tilt both at large and small scales. However, due to φ01, the field goes
through a momentary departure from slow roll and generates localized oscillations.
3. Non-local features : Features that extend over a wide range of cosmological scales
are termed as non-local features. A slow roll potential modulated with sinusoidal oscillations
or presence of discontinuities in the potential and its derivatives give rise to such non local
features. Effects of oscillations in the inflation potential [36] have been studied before with
WMAP and Planck datasets. In [16] we discussed the features generated by the WWI model
and demonstrated that non-local features in the WWI can provide similar improvement in
fit as local feature models. Fig. 1, bottom left plot demonstrates such features from WWI.
Here, γ and φ01 are small and hence we do not observe any cutoff and the amplitude of the
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features are small as well. However, in these models ∆ << 1 and hence the field experience
a sharp transition and a wide range of modes that leaves Hubble scale after the epoch of
transition imprints oscillations in the PPS.
Wiggly Whipped Inflation, interestingly, is capable of generating all the above features
and hence, we present it as the model offering a wide variety of scenarios, within the frame-
work of canonical scalar field Lagrangian. Fig. 1 bottom right plot represent two such PPS
that offers the aforementioned classes of features in combination, all arising from the same
potential. Note that in the same plot we present the feature obtained from WWI′. The
discontinuity in the derivative of the potential leads to a power spectrum that offers a step
shaped suppression at larger scales, followed by wiggles at the smaller scales. In this case,
the amplitude of oscillations decrease as we probe smaller scales.
3 Essential numerical details
We use the publicly available code BI-spectra and Non-Gaussianity Operator, BINGO [37,
38] to generate the power spectra and the bispectra from WWI and WWI′. We solve the
background equation using a initial value of the field φ to ensure enough (∼ 70 e-folds) infla-
tion. dφ/dt is fixed assuming initial slow-roll condition (3Hdφ/dt = −dV (φ)/dφ). Whenever
necessary, we model the Theta function discontinuities in the potential and delta function
in its derivatives with a Tanh step and its derivatives respectively. Note that other repre-
sentations of Theta function and delta function can also be used in this context. Following
standard methodology we fix the initial scale factor by assuming the k = 0.05 Mpc−1 mode
leaves the Hubble radius 50 e-folds before the end of inflation.
We use publicly available CAMB [39, 40] and COSMOMC [41, 42] in order to calculate the
angular power spectra from our models and compare them with the data. Note that, we
modify CAMB in order to use BINGO to calculate the primordial scalar and tensor power
spectra. Along with the baryon density (Ωbh
2), cold dark matter density (ΩCDMh
2), the
ratio of the sound horizon to the angular diameter distance at decoupling (θ) and the optical
depth (τ), we allow the WWI parameters, namely Vi, γ, φ01 and φT to vary. We treat the
WWI parameters as semi slow-parameters (like the amplitude AS, spectral index nS, tensor-
to-scalar ratio (r) in case of power law PPS). Note that we also allow the width (∆) of the
Theta function to vary along with other potential parameters. For WWI′ we treat Vi and
φT and φ01 as potential variables. In order to obtain the best fits we use Powell’s BOBYQA
(Bound Optimization BY Quadratic Approximation) method of iterative minimization [43].
Since WWI offers a wide variety of features, it is extremely difficult to converge to a global
minima starting from a particular region of potential parameter space. Most of the times
the method settles to a local minima which represent particular features that provide a
better fit to a subset of the complete Planck datasets. We approach this problem in 2 steps.
First, we use temperature, polarization datasets separately and in combination so that we
can identify the primordial features supported by the individual and complete Planck and
BICEP2/KECK datasets. Secondly, in each of the above cases we perform MCMC analyses
and locate distinguishable features that provide better fit to the corresponding datasets
compared to power law model. We use the WWI potential parameters and corresponding
background cosmological parameters corresponding to the located features and use them as
starting points of BOBYQA minimization. Using this rigorous search, we are able to obtain
the local minima and possibly the global minima for the individual and complete datasets.
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We use CMB temperature and polarization data from Planck-2015 public release datasets
and likelihoods. In order to understand the necessity of features in the PPS indicated from
temperature and polarization data, we use the temperature and polarization likelihood from
Planck separately and in combination. For high-` temperature and polarization data, we use
the Plik likelihood that covers the multipoles ` = 30 − 2508 for TT and 30 − 1996 for TE
and EE.
For the low-` part of the spectra (` = 2− 29) we use 2 different likelihoods in different
cases. When we use only TT likelihood at high-`, we use commander based likelihood for
low-` TT. In this paper we denote this likelihood as lowT. We use lowTEB likelihood at
low-` whenever we use EE data at high-` or temperature and polarization likelihood in
combination. The low-` polarization uses the 70GHz LFI full mission (except second and
fourth surveys) data. We use TTTEEE likelihood and use TT + TE + EE likelihood at
high-` to track down the improvement in likelihood (compared to the power law model of
the PPS) in complete and individual datasets. The high-` likelihood uses 100, 143 and 217
GHz half mission maps. Throughout our analyses, we have varied all the required nuisance
and calibration parameters for the corresponding likelihoods. We also use priors on nuisance
and calibration parameters as have been discussed in [1, 44].
Since the WWI and WWI′ potentials generate fine oscillations in the PPS, in order to
take into account the effects of all the oscillations in the angular power spectra, we calculate
the angular power spectra at all `’s to avoid interpolation. Moreover, the accuracy that we
use for our analyses, ensures the transfer function is well sampled in k-space that resolves
the finest oscillations in the PPS in the convolution integration. We also make use of the
unbinned Plik likelihood for high-` TT and TTTEEE datasets in order to obtain the best
fits. However, we use the binned Plik likelihood for the MCMC analyses since we did not find
noticeable differences in the best fit ∆χ2 and the cosmological parameters and calculation of
unbinned likelihood is significantly slower compared to the binned ones. For completeness
too, since unbinned data for CMB polarization alone is not publicly available, in order to
compare the individual constraints on the cosmological parameters, binned likelihood are
more useful in our MCMC runs.
We use BICEP2-Keck likelihood from the joint BICEP2/Keck and Planck analysis
(BKP) [17]. In our analyses we use 5 bandpowers in the range ` = 20 − 200, from 150
GHz band of BICEP2/Keck and 217GHz and 353GHz bands of Planck. Needless to mention
we compute and use the tensor power spectra from the models when we confront the models
with BKP datasets.
We use the BINGO-2.0 version in order to evaluate the bispectra in equilateral and
arbitrary triangular configurations. We have defined MPl
2 = 1/(8piG) = 1 and used } = c = 1
throughout the paper.
4 Results and discussions
We present our results in this section in the following manner. We provide the best fit
primordial power spectrum that we obtained from the complete datasets. We tabulate the
best likelihood values and the improvement in fit from WWI compared to the power law PPS.
Using the best fit values, we compare the best fit angular power spectra of temperature and
polarization and their cross-correlations w.r.t best fit Planck baseline models. We compare
the background parameter constraints from the MCMC analyses against different datasets.
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Finally, we present the bispectra in equilateral and arbitrary triangular configurations for
the best fit models.
4.1 Primordial scalar perturbation power spectrum
We have demonstrated that WWI offers a wide variety of features in the primordial power
spectra. When compared against the Planck datasets we locate 4 local minima that provide
substantial better fit compared to the power law power spectra. We categorize the local
regions of parameter space by their distinct nature of features. We denote them as WWI-
[a,b,c,d]. We plot these models in left and middle plots of Fig. 2. Here we should stress
that WWI-[a,b,c,d] that are plotted in the figure, in strict sense, are the local minima of
the TTTEEE + lowTEB + BKP combination. WWI-a is actually the global minima of
TT + lowT dataset, that turns out to be a local minima of the complete datasets. WWI-c
on the other hand, has characteristic wide scale oscillations that provide improvement in fit
to the high-` EE data. We search for the local and global minima in other individual and
combination of datasets in the vicinity of WWI-[a,b,c,d]. Obviously the best fit parameters
will be different when we compare different datasets. However, the broad shape of that
particular feature remains similar in all the datasets since the WWI potential parameters do
not change significantly. The right plot of the same figure provide best fit PPS from WWI′
when compared against T, E and combined datasets.
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Figure 2. Wiggly Whipped Inflation : Best fit primordial power spectra. Left plot contains the local
minima, WWI-[a,b] and the middle plot contains WWI-[c,d] respectively (Eq. 2.2). WWI-a provides ∼ 7− 8
improvement in χ2 fit to temperature only data. Mainly the improvement comes from the large scale power
suppression and ` ∼ 22 − 40 region. WWI-c provides ∼ 10 improvement in χ2 fit to polarization data. This
improvement comes from low-` TEB and high-` E data. WWI-b provides ∼ 11 and WWI-d provides more than
13 improvement to combined temperature and polarization datasets. In this case, most of the improvement
comes owing to the inability of baseline model in fitting the temperature and polarization datasets in a
combination. The plot at the right contains the WWI′ (Eq. 2.3) best fit when compared with T, E and
combined datasets. For the combined datasets, WWI′ provides nearly 12 improvement in the fit compared to
power law best fit.
4.2 Best fit results
In Table 1 we tabulate the best fit −2 log [Likelihood] for the WWI-[a,b,c,d], WWI′ and the
Planck baseline model. Each row block of the table contains the data combination that we
used. From top to bottom we provide the analyses for TT + lowT, EE + lowTEB, TTTEEE
+ lowTEB, TT + TE + EE + lowTEB + BICEP-Keck-Planck dust, TTTEEE + lowTEB +
BICEP-Keck-Planck dust, unbinned TT + lowT and unbinned TTTEEE + lowTEB. Here
we should mention again that the cosmological parameters do change when compared with
different combination of datasets. For example WWI-a that is a local minima of TTTEEE +
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lowTEB (as plotted in Fig. 2) is not strictly a local minima of TT + lowT (the position and the
amplitude of the features may vary a little). We find with a marginal change in parameter val-
ues, a PPS very close in shape to WWI-a, represent the global best fit to TT + lowT datasets.
Since Powell’s minimizer algorithm converges to a point very close to the parameter space of
the starting point in our cases, we searched for the local best fit to TTTEEE + lowTEB +
BKP data in the vicinity of the global best fit to TT + lowT data. Hence, WWI-[a,b,c,d] rep-
resent a class of resembling PPS that can possibly be a global best fit to a subset of data but
in strict sense they are local best fit to the TTTEEE + lowTEB + BKP dataset. Obtained
potential parameters,
[
ln(1010Vi), φ01, γ, φT, ln(∆)
]
for TTTEEE + lowTEB + BKP are
[1.73, 0.099, 0.019, 7.88, − 4.47 ] (for WWI-a), [1.75, 0.019, 0.04, 7.91,−7.07 ] (for WWI-
b), [1.72, 0.039, 0.02, 7.91,−6.04 ] (for WWI-c) and [1.76, 0.017, 0.03, 7.91,−11 ] (for WWI-
d). However, since WWI′ has a unique shaped PPS, in Fig. 2 we plotted the obtained
global best fits of TT + lowT, EE + lowTEB and TTTEEE + lowTEB + BKP datasets.
For WWI′, the obtained values for inflaton potential parameters,
[
ln(1010Vi), φ01, φT
]
, are
[0.344, 0.12, 4.5] (for TT + lowT), [0.295, 0.11, 4.5] (for EE + lowTEB) and [0.282, 0.11, 4.51]
(for TTTEEE + lowTEB + BKP).
Note that WWI-a provides improvement in likelihood principally for the lowT case. The
localized feature similar to step in the inflaton potential around k ∼ 0.002 Mpc−1 (` ∼ 22)
along with the large scale power suppression provides around 8 improvement in fit to the
lowT and lowTEB data. WWI-a also provide some improvement to the high-` EE data.
WWI-c which introduces wiggles in the PPS ranging k ∼ 0.002 − 0.05 Mpc−1 provide a
moderate improvement to lowT and lowTEB datasets due to the large scale suppression but
fails to capture the ` ∼ 22 dip in TT. However the wide wiggles provide a better fit to EE and
TE-datasets. WWI-b and WWI-d, though having wiggles in the primordial power spectrum,
do not provide better fit to individual temperature or polarization data at high-` but they
provide an overall better fit when the complete datasets are compared with. Note that when
we combine T and E datasets (TT + TE + EE + lowTEB + BICEP-Keck-Planck dust), the
baseline model provide worse fit to TT and EE datasets w.r.t. their values when compared
individually (TT + lowT and EE + lowTEB). This difference arise because temperature
data favors a low baryon density (Ωbh
2 ∼ 0.0222) while E-polarization goes for a higher
(Ωbh
2 ∼ 0.024) value. The baseline model can not trade-off for the baryon density and hence
settles for marginal worse likelihood to all datasets. We carry out the analysis with TT
+ TE + EE + lowTEB + BICEP-Keck-Planck dust specifically to point out the individual
worse fits. WWI-b and WWI-d manage to compensate for the baseline worse fit by providing
wiggles in the PPS that can address EE data better than the baseline model but at the same
time keeping a low baryon density (Ωbh
2 ∼ 0.023). These two spectra represent the global fit
to the overall Planck data. Though the WWI-b and WWI-d are indistinguishable from the
likelihood values, they have distinct signatures in the power spectrum. The Wiggles in WWI-
b damps down at k ∼ 0.1 Mpc−1 while WWI-d continues to be present at smaller scales.
The difference between these two spectra becomes evident when we calculate the three point
correlations i.e. the bispectra. It is interesting that WWI′, with a fixed shaped power spectra
feature, is able to provide better fit to the temperature and polarization data individually
and also in combinations. In Fig. 2 (the right plot), we have provided the best fit PPS for
WWI corresponding to the best fit provided in Table 1. We find ∆χ2 ∼ −5 and −6 w.r.t.
power law when we compare WWI′ with the temperature and polarization data respectively.
This particular best fit do not provide better fit to the high-` TT data but the best fit for
EE quoted in the Table is in very good agreement with the high-` EE data. However, the
– 9 –
Individual likelihoods comparison
Individual Baseline WWI-a WWI-b WWI-c WWI-d WWI′
likelihood ∆DOF = 4 ∆DOF = 4 ∆DOF = 4 ∆DOF = 4 ∆DOF = 2
TT 761.1 762 761.9 762.8 762.8 762.4
lowT 15.4 8.2 13.4 12.1 13 10.2
Total 778.1 772.1 (-6) 777 (-1.1) 777 (-1.1) 778.4 (0.3) 775 (-3.1)
EE 751.2 748.8 747.2 748.6 750.2 746.8
lowTEB 10493.6 10490 10495.6 10492.4 10495.7 10492.2
Total 11248.8 11241.8 (-7) 11246.2 (-2.6) 11244.5 (-4.3) 11249.3 (0.5) 11242.3 (-6.5)
TTTEEE 2431.7 2432.7 2422.6 2427.8 2421.7 2426.5
lowTEB 10497 10490.8 10495.1 10493.4 10495.3 10492.7
Total 12935.6 12929.5 (-6.1) 12924.2 (-11.4) 12927.6 (-8) 12923.4 (-12.2) 12925.2 (-10.4)
TT 764.5 763.6 762.2 764.4 762.9 762.8
EE 753.9 754.8 750.5 750.8 750.8 751
TE 932 933.4 928.7 929.2 927 928.8
lowTEB 10498.4 10490.4 10495.8 10493.7 10495.6 10492.4
BKP 41.6 42 42 42.6 41.8 42.9
Total 12997 12991 (-6) 12985.9 (-11.1) 12987.2 (-9.8) 12985 (-12) 12985.1 (-11.9)
TTTEEE 2431.7 2432.8 2421.4 2426.7 2421 2425.7
lowTEB 10498.5 10490.5 10495.5 10493.6 10495.8 10492.6
BKP 41.6 42 42.7 42 41.9 42.5
Total 12978.3 12971.3 (-7) 12967.3 (-11) 12968.6 (-9.7) 12965 (-13.3) 12968.6 (-9.7)
TT (bin1) 8402.1 8404.1 8403.9 8405.2 8402.1 8401.9
lowT 15.4 8.3 13.3 11.9 13.2 10.3
Total 8419.6 8414.7 (-4.9) 8419.5 (-0.1) 8419.8 (0.2) 8418.1 (-1.5) 8414.4 (-5.2)
TTTEEE (bin1) 24158.2 24158.6 24149 24155 24148.4 24151.5
lowTEB 10497.6 10490.3 10493.4 10493.6 10495.3 10492.7
Total 34661.9 34655.3 (-6.6) 34650.5 (-11.4) 34654.4 (-7.5) 34649.5 (-12.4) 34650.6 (-11.3)
Table 1. Best fit parameters for the Wiggly Whipped Inflaton potential. We provide the best fit
−2 ln[Likelihood] for individual datasets for the types of WWI features denoted as WWI-[a,b,c,d],
WWI′ and that are plotted in Fig 2. Note that while WWI-[a,c] provide local best fits to individual
and combined data, WWI-[b,d] seem to capture the global best fit by providing improvement in
all datasets (TT, TE, EE) in a combination when compared with power law model. The best fit
background, WWI potential and nuisance parameters do indeed change to certain extent in different
dataset combinations but the primordial power spectrum remains very similar to the ones plotted in
Fig. 2 for all dataset combinations. In case of WWI′, note that the similar shaped features (shown
in right plot of Fig. 2) are able to address both temperature and polarization data individually and
in combinations. We find similar improvement in fit (∆χ2 ∼ −12 compared to power law) as in
WWI-[b,d] but here only with 2 extra parameters. WWI′ also provides the best likelihood to the
high -` EE data. We do not provide in the table, the O(1) improvement in fits from the priors in the
nuisance and calibration parameters. ∆DOF indicates extra parameters used in the models compared
to its featureless potential parameters. The ‘bin1’ in the last 2 row blocks indicate unbinned high-`
data have been used to obtain the best fits. In the ‘Total’ row we also provide the differences in the
χ2 w.r.t the power law model within brackets.
position and amplitude of the oscillations required to have a good agreement with TT and
EE data are different. When we compare WWI′ with the combined datasets, the best fit
provides ∆χ2 ∼ −12 compared to power law with only 2 extra parameters. Breakdown of
likelihood in temperature and polarization data is very similar to WWI-[b,d] case, and we
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Figure 3. Wiggly Whipped Inflation : Angular power spectra for temperature and polarization anisotropies.
Theoretical predictions from WWI-a and WWI-b are provided. These are the best fits to TTTEEE + lowTEB
+ BKP datasets. Power law baseline best fit is provided in black. Power spectra from WWI and the data,
that residual from power law best fit model are plotted below to highlight the features in the angular power
spectra.
find, WWI′ with the PPS plotted in Fig. 2 is providing improvement to T and E datasets
combinations from Planck since the best fit likelihoods from power law are degraded from
the individual best fit values when temperature and polarization data are used separately.
In Fig. 3 and 4, we plot the best fit angular power spectra for temperature and polariza-
– 11 –
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Figure 4. Wiggly Whipped Inflation : Angular power spectra for temperature and polarization anisotropies.
Theoretical predictions from WWI-c and WWI-d are provided. These are the best fits to TTTEEE + lowTEB
+ BKP datasets. Power law baseline best fit is provided in black. Power spectra from WWI and the data,
that are residual from power law best fit model are plotted below to highlight the features in the angular
power spectra.
tion anisotropies from WWI and the Planck data. In both the plots we have also plotted the
best fit results from the power law PPS in black. In each plot, the bottom panel represent
the data and the power spectra residual to the power law best fit. The left panel in each plot
captures the multipoles ` = 2−29 and are plotted in log scales while the right panels display
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Figure 5. Wiggly Whipped Inflation : Angular power spectra for temperature and polarization anisotropies.
Theoretical predictions from WWI′ are provided. These are the best fits to TT + lowT, EE+lowTEB and
TTTEEE + lowTEB + BKP datasets. Power law baseline best fit is provided in black. Power spectra from
WWI′ and the data, that are residual from power law best fit model are plotted below to highlight the features
in the angular power spectra.
high-` (` = 30−2508 in case of TT and ` = 30−1996 in case of EE and TE) data and best fit
results in linear scale. Note that, here the plotted results correspond to the best fit obtained
against TTTEEE + lowTEB + BKP datasets. Improvement in fit from the low-` data is
evident the suppression in the low-` residual plot in all the best fits. Only WWI-a is able to
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address the dip around ` = 22 in a convincing manner. WWI-[b,c,d] introduce features at
the high-` as well. However, note that, at high-` we do not get notable improvement in fit
when we use temperature and polarization data separately, but in a joint analysis, WWI-b
and WWI-d interestingly provide a noticeable better fit. In Fig. 5 we plot the best fit angular
power spectra and their residuals from power law best fit for WWI′. Unlike WWI model,
in this plot we plot best fit from TT + lowT, EE + lowTEB and TTTEEE + lowTEB +
BKP. For the TT plot we show best fit from TT + lowT and TTTEEE + lowTEB + BKP
and for EE plot we present EE + lowTEB and TTTEEE + lowTEB + BKP best fits. For
TE, we provide all three best fit power spectra. In the TE plot, the EE best fit is seen to
be not fitting the data well at the acoustic peaks. Since high-` temperature data is not used
in obtaining EE + lowTEB best fit, we can expect some disagreement between temperature
and polarization best fits. The large mismatch here might point out a systematic tension
between T and E data. However, we should note that the statistical uncertainties in the EE
data is substantially larger than the TT data and differences in their best fits can just be an
artifact of statistical fluctuations.
4.3 Change in the parameter constraints
The presence of features change the background parameter constraints from power law. Due
to the features in WWI and WWI′ we find certain changes in the background parameters.
The power suppression at large angular scales shifts the reionization optical depth to a higher
value τ ∼ 0.07−0.1 compared to the power law case. Here, we present only the change in the
baryon density constraints. In Fig. 6, we plot the marginalized likelihoods from power law,
WWI and WWI′. Note that for WWI, in arriving at the constraints, we have fixed the width
of the transition (∆) to the best fit value of WWI-d using the prior knowledge that WWI-d
is able to provide an agreement to the baryon density mismatch from power law PPS. In this
figure the each plot at the top corresponds to different models that compares the difference
in the likelihood of baryon density from T, E and from their combination. For power law
model we note that the peak of the likelihood from EE + lowTEB is significantly far away
from the tail of TT + lowT data. When feature models are used for the PPS, we find that
the likelihoods shift towards lower baryon density for EE (from Ωbh
2 ∼ 0.024 for power law
to ∼ 0.023 for WWI and WWI′). In the bottom panel of the same figure, we provide the
same likelihoods but plotted for T, E and complete datasets for comparison. We find that
the shift is not substantial given the large standard deviation of EE data but it definitely
reduces the tension to a fair extent that amounts to more than 13 improvement in χ2 values.
Furthermore, we find that the tension is not relaxed due to the increase in degeneracy owing
to the extra parameters. In fact, we find that for WWI and WWI′ models, the likelihood of
baryon density is sharper than the power law. The standard deviation of the likelihood in
WWI and WWI′ models are 0.0012 and 0.001 respectively while for power law it is 0.0014.
Qualitatively the likelihoods can also be compared in middle plot of lower panel of Fig. 6.
Here, we would like to point out that since our slow roll part of the potential generates a
spectral tilt ∼ 0.96 (the asymptotic or average nS at small scales), in our analyses we do not
have the scope of marginalizing over the spectral tilt and hence the comparison with power
law case, where we marginalize over nS, might not be complete. Hence we obtained the
standard deviation of the baryon density from the power law model against EE + lowTEB
dataset by fixing the nS = 0.964, which turns out to be ∼ 0.001, similar to WWI′ model. For
the complete datasets used in the analyses, we find that the standard deviations for WWI
and WWI′ are similar to the power law case as well. In other words, we find tighter (or
– 14 –
at least similar) constraints on background parameters with WWI and WWI′ models as in
power law model.
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Figure 6. The likelihood of baryon density obtained from temperature and polarization data from Planck-
2015. In the top panel, in each plot, we provide the likelihood obtained assuming the power law, WWI and
WWI′ form of inflation. Note that when we assume power law PPS, the E polarization data favors a large
baryon density (Ωbh
2 ∼ 0.024) which looks having slight disagreement with the temperature data. WWI and
WWI′ reduce this disagreement with a mean value of baryon density Ωbh2 ∼ 0.023. In the bottom panel we
compare the results from different inflationary models and power law PPS for different datasets. The shift of
the likelihoods to the lower baryon density is evident for WWI and WWI′ models for EE + lowTEB data.
Though we are getting substantial improvement in likelihood compared to power law
with both WWI and WWI′, we fail to get more than 1σ evidence for these features. The
maximum likelihoods show significant deviation from featureless case in both the models, but
when marginalized, we find that the best fits have low marginalized probabilities. Hence, with
Planck data we are unable to rule out featureless primordial power spectrum even though
feature models agree with the data substantially better.
At this point we should mention that WWI-[b,c,d] and WWI′ contain features around
the BAO scales and hence the matter power spectra can be constrained using the large scale
structure data as well. With the upcoming data from DESI [45], SDSS-IV, e-BOSS [46, 47],
Euclid [48] we expect to verify the existence of these features. Also with the upcoming low-`
EE data from Planck HFI is supposed to provide stronger constraints on the large scale
suppression. We expect to revisit Wiggly Whipped Inflation with the future datasets from
CMB and LSS.
4.4 Non-Gaussianity
It has been extensively discussed in the literature that inflation models, that offers depar-
ture from slow roll inflation to generate features in the PPS, also produce non-negligible
non-Gaussianities [37, 38, 49–54]. In this paper we shall only consider the three point corre-
lations, i.e. the bispectra generated by WWI and WWI′. We use BINGO-2.0 [37, 38, 55] to
calculate the bispectra for our best fit models. We have used the best fit potential parame-
ters from TTTEEE + lowTEB + BKP for WWI-[a,b,c,d] and WWI′ and compute the fNL .
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Figure 7. Wiggly Whipped Inflation : fNL in equilateral (left) and in arbitrary triangular configurations
(right). From top to bottom we plot the fNL from WWI-a, WWI-b, WWI-c, WWI-d and WWI
′ respectively
(see, Fig. 2 for corresponding PPS). Note that while WWI-a provides fNL ∼ O(1) which has a localized feature
around k ∼ 0.002 Mpc−1, features that extend over wide range of cosmological scales with larger frequency,
generate higher non-Gaussianity with fNL ∼ O(100− 1000).
We calculate all the terms contributing to the fNL arising from the interaction Hamiltonian,
cubic in order of the curvature perturbations [49, 53, 56]. Since WWI best fit PPS do have
features with high frequency and high amplitude, any slow-roll approximation in the bispec-
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trum integral shall underestimate the actual value of the fNL . Using BINGO, we do not make
any approximation and evaluate the bispectrum integral numerically. We calculate local fNL
for our models derived from bispectrum BS(k1,k2,k3),
fNL(k1,k2,k3) = −
10
3
(2pi)−4 (2pi)9/2 k31 k
3
2 k
3
3 BS(k1,k2,k3)
× [k31 PS(k2) PS(k3) + two permutations]−1 , (4.1)
where PS(k) denotes the primordial power spectra.
In Fig. 7 we plot the fNL for the best fit potentials obtained from TTTEEE + lowTEB
+ BKP datasets. To the left we plot the fNL in equilateral limit (k1 = k2 = k3 = k). To the
right we plot the 2D heat map of the fNL . The 2D fNL are plotted as a function of k3/k1
and k2/k1. The top left corner of the triangular configurations represent the squeezed limit
(k2, k3 << k1) and the top right corner represent the equilateral limit. k1 in WWI-[a,b,c,d]
and WWI′ are chosen to be ∼ 2 × 10−3, 0.03, 0.015, 0.14 and 0.14 Mpc−1 respectively. For
the first three cases, we chose the mode k1 by locating the scale where fNL becomes maximum
and for WWI-d and WWI′ we chose it to be a smaller scale since for a sharp transition in
the potential (or in its derivative in the latter case), the fNL is expected to diverge linearly
with wavenumber and a smaller k1 is expected to capture the profile of the fNL in the 2D
heat map.
Note that the WWI-a and WWI-c generates |fNL | ∼ 1 − 10. Because of the presence
of a broad step in the potential and wide frequency oscillations, the slow-roll parameters
i+1 = d ln i+1/dN and their derivatives are not large enough to produce large three point
correlations of curvature perturbations. While WWI-b, WWI-d and WWI′ generates higher
fNL because of sharper transition from moderate fast roll to slow-roll potential (∆ → 0).
We would like to point a crucial difference between WWI-b and WWI-d (or WWI′) models.
When we compare these two models with the temperature and polarization angular power
spectrum, we find similar improvement in fit compared to power law models. Hence, to the
power spectra level, these models are nearly indistinguishable. On the other hand the WWI-
b generates fNL which converges at small scales but WWI-d and WWI
′ diverges with the
wavenumbers because the singularity at φ = φT (although, note that in strict numerical sense,
we have to model the singularity by a transition width very close to zero). The divergent fNL
arising from the instantaneous transition and the effect of smoothing the discontinuity were
studied before in literature [50–52]∗. As we have pointed out before, the WWI′ essentially
generates same power spectra as generated by Starobinsky-1992 model of inflation with a
spectral tilt of ∼ 0.96. The bispectra generated from this model, hence are of same shape as
discussed in literature [38, 49–52]. To evaluate the fNL from the WWI
′ model we have used
a Theta function and Delta function with a width similar to WWI-d model, to reproduce
the effects of the singularity in the second derivative of the potential. We should emphasize
that an instantaneous transition is not a realistic situation and there has to be a finite width
associated with the transition in the potential that ensures the convergence of bispectra at
small scales (as have been emphasized in [52]).
From the analyses above we can state that feature models, that are indistinguishable
from the likelihood w.r.t. the power spectra data, a joint estimation of PPS and bispectra can
quantitatively be able to distinguish between the models, and also provide extra significance
for primordial features in the data, if present. There are hints of oscillatory bispectra from
∗We find ∆ ∼ 10−3 for WWI-b and 10−5 for WWI-d
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Planck 2015 analysis [57] and hence it is important to confront the WWI features with Planck
bispectra data. We emphasize that since WWI, within its single framework, offers a wide
variety of features, this model will be extremely useful in comparing different features. In
this context, note that, the models considered in our paper, oscillations in the PPS at large
k do not play a significant role for the explanation of the features in the CMB multipole
spectrum apart from WWI-d. This is in agreement with the conclusion of [58] that there
is no statistically significant signs of sharp oscillatory features in the CMB spectrum and
bispectrum.
5 Conclusions
We show that the WWI framework that was introduced mainly to explain the BICEP2
and the Planck 2013 results in a single theoretical model, can explain a wide variety of
the primordial features that are obtained from direct reconstructions using CMB angular
power spectrum data and also that are motivated from high energy theories. Without using
different theoretical models of inflation, WWI allows us to generate different types of PPS
features in a single framework, making it extremely suitable for primordial feature hunt and
also in constraining background cosmological parameters marginalized over a multitude of
inflationary scenarios. In this paper we confront Wiggly Whipped inflaton potentials allowing
deviations from strict slow roll, against the latest Planck 2015 angular power spectrum data
of temperature and polarization and BICEP2/Keck B-mode polarization data. WWI offers
a simple transition from moderate fast roll to strict slow roll potential with/without the
presence of a discontinuity/jump in the potential at the field value of phase transition. We
also present WWI′, in which a smooth part of the inflaton potential is that of the R + R2
inflationary model [27] in the Einstein frame (and which in turn represents a special case of the
α-attractor model [26]) and discontinuity appears only in the first derivative of the potential.
We have been able to generate a wide class of primordial features that have been discussed
in the literature within the frameworks of WWI and WWI′. Owing to the flexibility of the
WWI model, we are able to locate the local minima and possibly the global minima in the
parameter space of WWI using only one potential. From the individual and joint analyses of
T, E and B polarization we identify 4 distinguishable features in the primordial power spectra
of WWI, namely WWI-[a,b,c,d]. In all the cases we notice a common pattern, the large scale
suppression of scalar perturbation spectra. WWI-a provides a dip in the power spectra at
2× 10−3Mpc−1, which has been discussed extensively in the literature and we find that this
feature, apart from providing an improved fit to the low-` likelihood (mostly from around
` = 22), also provides better fit to high-` EE datasets. We find localized oscillations (but
wider than WWI-a) within 0.002− 0.05 Mpc−1 that particularly agree with high-` EE data
compared to power law best fit. WWI-a and WWI-c represent the primordial features that
attempts to address the features in the individual CMB angular power spectra data, that are
not addressed by standard power law PPS. Apart from these best fits, our analysis with WWI
offers a third kind of feature where the primordial power spectrum do not provide notable
improvement in fit when compared with TT and EE angular power spectrum individually, but
provides more than 13 improvement in fit in χ2 compared to power law w.r.t. the complete
dataset. Similarly in WWI′, using only 2 extra parameters in the inflation potential, we find
∼ 12 improvement in χ2 fit. WWI′ offers a step like suppression at larger scales accompanied
by oscillations at smaller scales. In this model we show that primordial feature of a fixed
shape, by changing its location and amplitude, can match both temperature, polarization
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data separately and also in a combined analysis. We find that the standard baseline model
of cosmology prefers higher baryon density (Ωbh
2 ∼ 0.024 as best fit value) for E-mode
polarization which is more than 3σ away from the TT best fit. Though the uncertainties
in the E-mode polarization data are much larger than temperature data and the distance
to the best fit values from EE data can not be trusted in a statistically robust analysis,
we demonstrated that TT, EE Likelihood decrease in a joint analysis. † WWI-b, WWI-d
and WWI′ offering high frequency oscillations extending over a large range of cosmological
scales offer a scenario that fits the TT, EE, EE and lowTEB data better in joint analyses,
keeping the best fit value of Ωbh
2 ∼ 0.0222, as demanded by temperature power spectrum.
Both WWI and WWI′ show a shift in baryon density to a lower value (Ωbh2 ∼ 0.023) when
compared with EE dataset. We find that WWI-b and WWI-d represent the global best
fit to the complete Planck 2015 and BICEP2/KECK datasets. The fundamental difference
between WWI-b and WWI-d is in the sharpness of their transition from moderate fast roll
to the complete slow roll regime. These two features are indistinguishable from the angular
power spectrum analyses but we show that they have very distinct bispectra signatures. It
is possible to find stringent constraints on the WWI and WWI′ models upon joint analyses
with CMB power spectra and bispectra data.
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